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We consider Coda//i\s equation in a Riemannian 4-space
*4 :
An , ^ A n r  ( I )
with ; denoting covariant derivative for the case of intrinsic 
rigidity when A n depends only on the metric tensor g H and 
on its first and second partial derivatives (denoted by r ) :
A n -  g ith,t < Xuht j ) '
By means of Lovelock's theorem 11 -3] we will find in 
Section 2 that the most gcncial form of the tensor A (ji 
fulfilling (1,2), is a linear combination of the metric and 
Ricci tensors R It will turn out that the conformal tensor 
C,//(/ of the corresponding space-time will satisfy the 
Bianchi identities |4], i.e. R 4 is a C-space |5 -7 | :
(3>
It means that cq. (3) is a necessary condition for eqs. (1) and 
(2) to have simultaneous solution in four dimensions.
The results that we obtain are then applied in Section 3 
to space-times embedded into /.<*. to 4-spaces of class 
one |4,8— 1 ()|. This is so, because in them, there exists the 
second fundamental form tensor/^ fulfilling (I) 111-13|.
Our task is to determine, in the four-dimensional space- 
time, the general structure of every tensor A tf with the 
properties (1) and (2). We note that the deduction neither 
requires that A tf be symmetric nor uses its linear dependence 
on-thc second derivatives £„/,„/.
Lovelock 111 proved the powerful theorem :
“The m o s t  g en e t  a t t e ns or  B1*1 in R4 sat i sfying
B'i = .Om - Kahili ) and « " ,= () . (4)
is g iv en  by
B" = a G ' i + f i x " . (5)
a  a n d  /i a t r  c on s ta n ts . a n d  G t(i sc!
as*H the
Einstein tensor  14 / ”
On the other hand cq. (1) implies the relation
A l,t - A  J with A ^  A rt , (6)
which together with (2) shows that the tensor B ,J = 
A ,f -  Aft11 satisfies (4) and, in consequence, (5) leads to
A ' l - A g ' i  = (xG ‘l + &>". O )
*
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O ur final e x p r e ss io n  is now
A" = a l l "  - j . i a R + 2 P ) g ",  
6
(8)
w ith  A - ^ i a R  - 4 P ) , (9)
w h ic h  s o lv e s  the C o d a /v i ' s  e q u a tio n  w ith  in trin sic  r ig id ity  
in R j  W e  n o w  s e e  that the ten so r  A ,, is sy m m e tr ic  and  
lin ea r  m the g (,
I f  ( 8 ) is  su b s titu te d  in to  (1 )  it lo l lo w s  (w h e n  a  ±  0 )  
t h a t :
= (10)
w h ic h  is  e q u iv a le n t  to  (3 )  14 ,51  and th e r e fo r e , th e W e y l  
ten so r  s a t is f ie s  th e B ia n ch i id en titie s  I f =  0 , w e  h a v e  the  
tr iv ia l e a s e  w h e n  A„ is p ro p o rtio n a l to  .t;(/ and is not 
required to  sa t is fy  id en titie s  (3 ).
W e a p p ly  th e resu lt o l the p r e v io u s  s e e t io n  to  the lo ca l 
a n d  is o m e tr ic  e m b e d d in g  o f  R 4 in to  t"s, just the c a se  of 
in tr in sic  r ig id ity , i.e. w h en  the seco n d  fu n d am en ta l form  b,u 
d e p e n d s  o n ly  on  the internal g eo m etry  of the sp a ce -tim e .
In fa c t , il R 4 is  o f c la s s  o n e , th e G a u s s -C o d a /./ t  
eq u a tio n s  14.8 -131
K „ n  =<'(/>A  ~ K h „ > ( l l )
(,2>
are v e r if ie d , w h ere  c ~  +1 and R llllt is  the c o r r e sp o n d in g  
c u r v a lu ie  ten so r . If w e  further im p o se  in tr in s ic  r ig id ity  
w e have
l>„ = / v , o > .  ft,/,, • ft,/..,,/) ( I -V)
and c q s . ( 1 2 )  and ( 1 3 )  a ssu re  that />,, s a t is f ie s  ( I ) .  (2) .  
l i e n e e ,  the se c o n d  fu n d am en ta l form  w ill h ave  the structure  
|c q s . ( 8 ) and ( 9 ) |  w ith  the restriction  (3 )
K ~ a K <i ■ p a R +  2 p ) i ; i r
h = r b ; ~ [ t a R  4 /i) . (14)
w h e ic  or and P  are co n sta n ts  ( wi t h v a lu es  d eterm in ed  by the  
p roper R 4 in q u e st io n ).
The trivial ease a  =  0 implies
w h ic h  a l t er  .su b stitu tio n  in ( I I ) .  le a d s  to  an  sp a c e  o l  
con stan t curvature (D c S iltc i m o d e l) |4 ,1 4 | .
If a * 0, cqs. (II)  and (14) show that the metric and 
Ricci tensors are adequate to express the Ricmann tensor in 
a simple way. We consider the task to find the Petrov 
type (4 ,15.161 of admissible in this a  *  0 case as an 
open problem. We hope to report a careful analysis 
somewhere else in the future. Our preliminary calculations 
suggest that there arc no 4-spaces of class one with Petrov 
types III or N that fulfil (12,13); neither they fulfil (14), in 
consequence. However, other Petrov types may occur; in 
fact, the metric
d s 1 =  - z \ y ( d B 2 +d<t>2 ) - 2 d r d u  (16)
20-
corresponds to an space-time ol type l) which satisfies (14) 
with P = -2a = -  V 2 and e= -  I.
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